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1 INTRODUCTION

Over the past years, biologists are generating data on a massive scale due to technologies such
as microarray and high-throughput sequencing. In this biological big data era in which large
numbers of hypotheses are simultaneously tested, even on the scale of hundreds of thousands
or millions, the multiple testing correction has become of great importance.

Multiple hypothesis testing becomes standard in many scientific areas such as
pharmacogenetics, genomics and proteomics. For example, understanding the genetic basis for
a certain disease implies testing the expression of thousands of genes between different groups
of patients. Thus, the interest for multiple testing procedures (MTPs) and the trade-off between
false positive error and statistical power becomes key in current research.

There is a large number of approaches for multiple testing correction. In this review we just
outline the basic concepts and strategies. More detailed and complete descriptions are reviewed
elsewhere (Goeman and Solari, 2014; Kang, 2020a; Korthauer et al., 2019; MacDonald et al.,
2019; Rudra et al., 2019; Tamhane and Gou, 2018). The present chapter is organized in six
sections including this Introduction. Section 2 gives an informal overview about the principal
multiple testing strategies and their utility under different research scenarios. Section 3 provides
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commented definitions of important concepts. Section 4, provides a more formal and extended
technical description, with formulae and algorithms for the different methods described in
Section 2. Section 5 briefly, sketches some recent approaches for multiple testing correction.
Finally, Section 6 concludes the previous sections.

2 MULTIPLE TESTING CORRECTION OVERVIEW

The scientific method works with proposed explanations for a phenomenon under study. These
explanations are called scientific hypotheses provided they can be tested in some way. A test is
a rule for deciding whether to accept or reject a hypothesis. The hypothesis under test is called
the main or null hypothesis.

Consider an experiment that compares the expression levels of a certain gene in two groups,
cases and controls, with sample size n = 20 each. According to the null hypothesis, the gene
expression is equal between cases and controls. Meanwhile the rejection of the null hypothesis
implies that there are differences in the gene expression between cases and controls. Let us
consider a test for the hypothesis of equal gene expression, if we perform the test at level «, the
risk of rejecting the null hypothesis of equal gene expression when it is true, has a probability
of o which is called the type I error probability (Larson, 1982).

Hypotheses testing (Neyman-Pearson sense) consists in applying a rule to a function of the
observed data for deciding whether to accept or reject an hypothesis. In applying that rule, the
researcher decides in advance the maximum type I error rate () that she/he considers acceptable.

In summary, when we perform a single test, two types of errors can occur. The type I error,
or false positive, is committed when rejecting a true null hypothesis; the type II error, or false
negative, is committed when accepting a false null hypothesis (Table 1). Thus, type I error is
controlled by the user of the test by means of the value o decided before performing the test.
For example, defining o = 0.05 means that type I error of the test is being controlled to have
probability equal or less than 0.05.

Table 1 Possible outcomes when testing a null hypothesis H,

H, True H, False
Reject H, Type I error No error
Accept H, No error Type II error

Nowadays, high-throughput experiments involve not one single but thousands of statistical
tests. The problem of multiple testing correction consists in that if we compare the expression
of thousands of genes and, as in single testing, we fix the type I error to 0.05 for each test, we
can be sure that we will have a bunch of false positives (aka false discoveries). Consequently, we
need to control type I error for the whole set of tests in some way similarly as the acceptance
level o controls type I error for the single test. Of course, in addition to microarray expression
studies there are many other scenarios where the same or a similar problem arises, as the genome
wide association studies, and in general the comparison issues that raises from the analysis of
omics data related to research on therapies, vaccines, diagnostics, etc. Under all these settings
we require multiple testing correction to deal with type I error because this kind of error has
the risk of disseminating misleading scientific results.

When performing multiple tests there are more than one definition for the type I error rate
in the family of tests. We may consider two different definitions. First option considers the
distribution of the number (not a proportion) of individual type I errors; an example of this is
the family-wise error rate (FWER). The second option considers the distribution of the false
discovery proportion (FDP); an example of this is the average of the FDP also called the false
discovery rate (FDR).
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The family-wise error rate, FWER, is the probability of at least one type I error in the family
of tests, that is (see Table 2) FWER = Pr(V > 1), where V' is the number of false positives.
The FDP is the proportion of type I errors among the rejected hypotheses, i.e., FDP = V/R,
with the convention of taking FDP = 0 when R = 0 (Dudoit and Laan, 2008). The FDR is the
expectation of the FDP but the convention of FDP = 0, when R = 0 requires FDR defined as
FDR = E[V/R | R > 0] x Pr(R > 0).

Table 2 Numbers of Type I and II errors when performing M tests of hypotheses

H, True H, False Total
Reject H, V U R=V+U
Accept H, My-V M, -U M —R
Total M, M, M= M, + M,

In Table 2 we may appreciate that if from a total of M hypotheses there are M|, for which
the null is true and M; for which is false, then after R rejections we may commit  wrong
rejections (type I errors) plus U correct rejections. Similarly, for M — R null acceptances, there are
M, — U acceptances when the null is false (type II errors) and M, — V' correct null acceptances.

In this work we focus on three main strategies for managing the type I error under
the multiple test setting, namely, those controlling the family-wise error rate (FWER), those
controlling the false discovery rate (FDR), and those that estimate the false discovery proportion
(FDP). In the following sections an overview is given of different methods based on each
strategy, their underlying assumptions jointly with their strengths and weaknesses.

2.1 Methods of Controlling the Family-Wise Error Rate (FWER)

The methods explained below work on a set of M p-values obtained from a family of M tests.
A common assumption, except for the permutation based methods, is that the p-values are
continuous and uniformly distributed in the (0, 1) interval or they are stochastically larger than
uniform in the discrete case (Lehmann and Romano, 2005).

2.1.1 FWER and genomics research

Let us continue with our previous example. Consider that we are comparing the expression levels
of 1,000 independent genes for two samples, one with 20 cases and other with 20 controls. For
each gene we perform the test under a given critical value (see Section 3.1) that has its proper
type I error level, say o’ = 0.05. In this case, the probability of no type I error for each test
is 1 — 0.05 = 0.95, then for the whole family of 1,000 tests, the probability of committing no
error is (I — a/)l,OOO = 09509 =53 x 1072* and the probability of at least 1 type I error in
the family of tests is FWER = 1 — (1 — )"0 =1 -53 x 102 = 1.

Therefore, if we perform M tests and want to maintain the type I error below a given
rate we need to apply a multiple testing method to guarantee that. Among the many methods
available for controlling the type I error rate some of them control directly the FWER (Table 3).

Table 3 FWER control methods with different dependence assumptions and usability in terms of the
exploratory or confirmatory nature of the experiments

Method Control Dependence assumptions Usability level Software

Bonferroni Strong None Confirmatory p-adjust, Myriads v1.2
Holm Strong None Confirmatory multcomp, Myriads
Hommel Strong Positive dependence Confirmatory hommel, Myriads v1.2
maxT Strong None Confirmatory multtest, Myriads v1.2

SGoF Weak Independence Exploratory sgof, Myriads
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2.1.2 Bonferroni

The method of Bonferroni is a single-step procedure that controls FWER at level « by rejecting
the set of hypotheses that have p-values not larger than ¢ divided by the total number of tests,
i.e., the method rejects hypotheses having p-value < o/M. This method has strong FWER control
which means that it controls the FWER for any combination of true and false null hypotheses.
Also, Bonferroni provides FWER control under any dependence structure of the p-values. The
method is conservative, i.e., the probability of type I error is usually below the nominal o level.

Bonferroni is used in GWAS analysis because it is assumed that analyzing the whole
genome is like performing only 10° tests (instead of the very much higher number of SNPs)
and under such assumption, the FWER can be controlled by a Bonferroni adjustment with a
genome-wide error level o =5 x 1078, This assumption is based on the strong local correlations
in the genome but the number of tests shouldn’t be taken as universal since it depends on the
correlation structure of the p-values and the kind of variant analysis we perform onto the genome
(Hoggart et al., 2008; Lin, 2019; Sham and Purcell, 2014).

Bonferroni correction can be performed, using the R software, by the p.adjust function of
the package stats (R Development Core Team, 2019) or by the package multcomp (Hothorn
et al., 2008) and outside the R environment, by the software Myriads in its version v1.2 (Carvajal
-Rodriguez, 2018).

2.1.3 Holm (Sequential Bonferroni)

This method is a sequential version of the Bonferroni. It is a step-down procedure, i.e., iterates
beginning from the highest test value (smallest p-value). Like Bonferroni, Holm’s method has
strong FWER control at level o under any dependence structure of the p-values. It is more
powerful than Bonferroni and should be in general recommended instead of it.

Regarding the application of the method in genomics, as a FWER control method is
specially relevant for confirmatory (non-exploratory) experiments (Fig. 1). However, Holm’s is
very conservative and when the dependence structure is adequate (see below), more powerful
variants should be used (Goeman and Solari, 2014).

Holm’s sequential Bonferroni correction can be performed using the R software by the
p-adjust function of the package stats (R Development Core Team, 2019) or by the package
multcomp (Hothorn et al., 2008) and outside the R environment, by any of the versions of the
software Myriads (Carvajal-Rodriguez, 2018).

2.1.4 Hommel

The Hommel method is a step-up procedure, i.e., iterates beginning from the lowest test value
(largest p-value). Hommel’s method has strong FWER control at level ¢, it operates under
the assumption of independence of p-values or even positive dependence (through stochastic
ordering, see Section 4).

Regarding the application of the method in genomics, it has the advantage of being more
powerful than the Bonferroni and Holm methods but with the requirement of independence or
at least positive dependence in the p-values.

Hommel’s correction can be performed using the R software, by the p.adjust function of the
package stats (R Development Core Team, 2019) or by the package Hommel (Goeman et al.,
2019a) and outside the R environment, by the software Myriads v1.2 (Carvajal-Rodriguez, 2018).

2.1.5 MaxT

MaxT (Westfall and Young, 1993) is a permutation-based method that provides strong FWER
control. MaxT does not impose any assumption on the dependence of the data and even the



346 Bioinformatics and Human Genomics Research

assumption of uniformly distributed p-values is not required. Besides, MaxT is more powerful
than the Holm and Hommel FWER-control methods. A limitation of the method is that it
requires an invariance condition (interchangeability) that means that the distribution of the
permuted data set should be identical to the original one. Thus, we cannot always define adequate
(holding the invariance condition) permutations for all hypotheses and models. In general, only
relatively simple experimental designs allow permutation tests to be used (Goeman and Solari,
2014). Another limitation is the computational cost when the number of tests is large. Thus, a
key issue for the computational feasibility of MaxT is the number of permutations required to
obtain acceptable accuracy (see Section 4 for details).

MaxT guarantees FWER control while providing more power than other FWER methods,
so it is a recommended method for confirmatory (non-exploratory) genomics data analysis when
appropriate permutations are available (Fig. 1).

MaxT correction can be performed, using the R software, by the mt.maxT function of the
package multtest (Pollard et al., 2005) and outside the R environment, by the software Myriads
v1.2 (Carvajal-Rodriguez, 2018).

Data matrix or p-values

Exchangeability?

]
Exploratory? Feasibility?

Strong FWER —»

MaxT - +
BY Independence
Hommel or PD?
Holm
Independence BH
or weak dependence?

SGoF + g-value,
BKY

Figure 1 Decision flowchart for multiple testing procedures. PD: positive dependence.
(Figure Courtesy, Myriads Manual, Carvajal-Rodriguez, 2018)
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2.1.6 SGoF

The Sequential Goodness of Fit (SGoF) method is a step-down FWER-controlling procedure in
the weak sense, which means that it has a strict control only under the complete null hypothesis,
i.e., when all null hypotheses are true. Unlike methods with strong FWER control, SGoF
increases its power with the number of tests and it can detect weak effects (Carvajal-Rodriguez
et al., 2009; Carvajal-Rodriguez and de Ufia-Alvarez, 2011; de Ufia-Alvarez, 2011). However,
the method requires the assumption of independence of p-values and can be too liberal when
large blocks of correlated values are present (Carvajal-Rodriguez, 2018).

SGoF’s weak FWER control may be useful if large power is preferred over type I error
strong control. This scenario may occur when screening a large number of factors for detecting
some important association that can be validated later; or simply when the researcher is primarily
interested in an exploratory phase. Of course, when the requirements are confirmatory, only
methods that keep strong control should be used (Fig. 1).

SGoF correction can be performed, using the R software, by the SGoF package (Castro-
Conde and de Ufia-Alvarez, 2014) and outside the R environment, by any of the versions of the
software Myriads (Carvajal-Rodriguez, 2018).

2.2 Methods that Control False Discovery Rate (FDR)

In general, FDR control is less conservative and more powerful than FWER, specially when
there are many false hypotheses, which makes FDR control a suitable tool for exploratory
genomics studies where researchers are interested in selecting sets of promising hypotheses.
From herein the FDR control methods are assumed to have strong control unless indicated
otherwise. However, it is worth noting a key difference between FWER and FDR controlling
procedures that is often omitted. If FWER is controlled at level « for a set of hypotheses then
it is also controlled at the same level for any subset, including single hypotheses. This subset
property is not true for FDR, which means that for a set with FDR controlled at level « it does
not imply that a given subset is controlled at the same level (Finner and Roters, 2001). This is
important because it means that the FWER for a set is also the FWER for each hypothesis in
the set which is not true in the case of FDR. Thus, the FDR-adjusted p-value is a property of the
rejected set not of any individual hypothesis (Goeman and Solari, 2014). Therefore, if statements
on individual hypothesis are required as in confirmatory (non-exploratory) experiments, the
FWER controlling methods should be preferable (Fig. 1).

Table 4 FDR control methods with different dependence assumptions and usability
in terms of the exploratory or non-exploratory nature of the experiments

Method Dependence assumptions Usability level  Software

BH Positive dependence exploratory p-adjust, Myriads

BY None exploratory p.adjust, Myriads v1.2
BKY Positive dependence exploratory cp4p, Myriads v1.2

2.2.1 Benjamini & Hochberg (BH)

The Benjamini & Hochberg (BH) method (Benjamini and Hochberg, 1995) is a step-up FDR
controlling procedure under the assumption of independence of p-values or even positive
dependence. BH is more powerful than Hommel.

BH correction can be performed, using the R software, by the p.adjust function of the
package stats (R Development Core Team, 2019) and outside the R environment, by any of the
versions of the software Myriads (Carvajal-Rodriguez, 2018).
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2.2.2 Benjamini & Yekutieli (BY)

The Benjamini & Yekutieli (BY) method (Benjamini and Yekutieli, 2001) is a step-up FDR
controlling procedure that is valid under any dependence structure. It is more conservative and
has less power than the BH procedure, so BY should only be preferred when the dependence
structure cannot be guaranteed (Fig. 1).

BY correction can be performed, using the R software, by the p.adjust function of the
package stats, (R Development Core Team, 2019) and outside the R environment, by the software
Myriads v1.2 (Carvajal-Rodriguez, 2018).

2.2.3 BKY adaptive two-stage method

The BH method controls FDR at level myor, where m, = M, /M is the proportion of true nulls.
The adaptive BH-like procedures intend to gain power over BH by estimating 7, in a first
step, and controlling FDR over 7y, instead of over M, in the second step. Benjamini, Krieger
and Yekutieli (Benjamini et al., 2006) developed one of such procedures (BKY, see Section
4 for details). The BKY method is an adaptive BH-like procedure that controls FDR under
independence or positive dependence and even remains conservative with relative good power
when the degree of dependence is unknown (Blanchard and Roquain, 2009; Kim and van de
Wiel, 2008).

The BKY correction can be performed, using the R software, by the adjust.p function (with
pi0.method = “bky” argument) of the package cp4p (Gianetto et al., 2019) and outside the R
environment, by the software Myriads v1.2 (Carvajal-Rodriguez, 2018).

2.3 Methods that Estimate the False Discovery Proportion (FDP)

FDR is the expectation of the false discovery proportion (FDP) unconditional on the occurrence
of rejections. Under an FDR controlling procedure at level ¢, if for a subset of hypotheses the
expected FDP is less or equal to ¢, we reject such hypotheses. For the FDP estimation, the
procedure is reversed, it starts with the set of hypotheses candidate for rejection and finds an
estimate O for the FDP of that set. It can be argued that knowledge about the FDP is more
relevant because it is directly related to the current experiment. That is, if we use any of the
procedures of the previous section for controlling FDR at level ¢, we may obtain a set of
rejected hypotheses. In this rejected set, the FDP is in average bounded by ¢, and the word
“average” is key here, meaning that the FDR procedure is only indirectly (in average) describing
the error rate of the rejected data. However, if we obtain an estimate of the FDP for a given
set of hypotheses, it is a direct description of the error rate committed for such rejections (see
FDP vs FDR in Section 4).

2.3.1 Storey’s bayesian pFDR-estimation (g-values)

From the point of view of a researcher it seems desirable that when all nulls are true (7y = 1),
the false discovery rate should be 1 because in this scenario any rejection is obviously a false
one. However, the FDR when 7, = 1 can be less than one. Even more, the researcher may not
be interested in cases where there is no significant test. To solve this requirement the pFDR is
defined as the expected FDP when at least one discovery has occurred (Storey, 2003). Defined in
this way, and because we cannot control when the discoveries happened or not, the pFDR cannot
be controlled a priori, contrary to the FDR in the BH and other FDR controlling procedures.
Therefore, the computation of pFDR can be viewed as an FDP estimation (Fan et al., 2012).

The pFDR assumes independency, although seems to work well under weak dependence
may have great variance under realistic dependence values (Goeman and Solari, 2014).

For estimating m,, Storey’s method uses a threshold parameter A so the pFDR estimate has
sometimes being called Storey-A (Blanchard and Roquain, 2009).
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Because the pFDR is not controlled a priori, adjusted p-values cannot be formally defined
but the so-called g-values, that give an error measure for each statistic with respect to pFDR
(see Section 4). Like the FDR controlling procedures, the Storey-A FDP estimation lacks the
subset property, i.e., the g-value is a property of the hypothesis in a given rejection set not of
the individual hypotheses.

The Storey-A g-values can be computed, using the R software, by the package g-value
(Storey et al., 2020) and outside the R environment, by any of the versions of the software
Myriads (Carvajal-Rodriguez, 2018).

2.3.2 Significance analysis of microarrays (SAM)

SAM (Tusher et al., 2001) is a method that estimates FDP by a permutation-based variant of the
Storey-A method with A = 0.5 (Storey and Tibshirani, 2003a). Because it is permutation-based it
adapts to the dependence structure. However, it is a known concern that the estimate of 7 is less
accurate under dependence (Schwartzman and Lin, 2011). See Section 4 for more details. SAM
estimates can be computed, using the R software, by the package samr (Tibshirani et al., 2018).

2.3.3 Efrom’s bayesian local FDR-estimation

The concept of local-FDR (Efron et al., 2001) solves the problem of lacking the subset property
by providing estimates of FDP for individual hypotheses. The approach of Efrom has the
additional requirement of assuming that the set of tests follows a mixture distribution of test
statistics for the true and false hypotheses with prior probabilities m, and 1 — 7, respectively.
Similar to Storey-A, the local-FDR method suffers high variance in 7, and in the FDP estimates
distribution when the statistics are correlated, in such cases the empirical null distribution
estimation should be preferred (Efron, 2007). Local-FDR estimates can be computed, using
the R software, by the packages locfdr (Efron et al., 2015) and samr (Tibshirani et al., 2018).

Besides the above point estimates of FDP, there has been recent work on providing confidence
intervals for the FDP (Goeman and Solari, 2011; Hemerik et al., 2019; Hemerik and Goeman,
2018). See Sections 4 and 5 for more details.

3 DEFINITIONS

We reproduce some relevant definitions with commentaries as they appear in the Myriads manual
(Carvajal-Rodriguez, 2018).

3.1 Test of Hypotheses

A rule for deciding whether to accept or reject a hypothesis. The hypothesis under test is called
the main or null hypothesis (Perezgonzalez, 2014; Sokal and Rohlf, 1981). The boundary for
deciding between hypotheses is called the critical value of the test. The type I error expected
using this critical value is called nominal type I error rate, or simply « level (see below).

3.2 Type I Error

The rejection of a true null hypothesis.

3.3 Nominal Type | Error Rate
The user-supplied upper-bound for the type I error rate (Greenland, 2019).
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3.4 Type Il Error

The acceptance of a false null hypothesis.

3.5 Power of a Test

For detecting a true alternative hypothesis is the probability that the test will reject the null
hypothesis. In the context of binary classification, e.g., medical testing, it is also called sensitivity
or true positive rate. The power is one minus the probability of a type II error.

3.6 Observed p-value

Is the probability, under the null hypothesis H, that a test statistic would be equal to or more
extreme than the observed value. This is equivalent to say that the observed p-value is the
smallest nominal type I error level of the single hypothesis testing procedure that would allow
rejection of H, given the test statistic value (Dudoit and Laan, 2008). A more formal and rigorous
definition follows. Given a statistical model A and a tested hypothesis H,, the observed p-value
is the probability that the test statistic be equal or larger than its observed value in the current
sample realization if every model assumption were correct, including H (Greenland et al., 2016).

3.7 Complete Null Hypothesis
When all null hypotheses are true.

3.8 Control in the Weak Sense

Control in the weak sense occurs when the type I error rate is controlled at the specified level
only under the complete null hypothesis.

3.9 Control in the Strong Sense

Control in the strong sense occurs when the type I error rate is controlled at the specified level
for any combination of true and false null hypotheses.

3.10 Per-Family Error Rate (PFER)
The expected number of type I errors in the family of tests, i.e., PFER = E(V).

3.11  Per-Comparison Error Rate (PCER)

The expected value of the number of type I errors divided by the number of tests, i.e.,
PCER = E(V)/M. If we are performing each test at level o, the PCER is equal or less than
a. This is the expected type I error rate, also called EER in (Finner and Roters, 2001). In a
multiple testing context, controlling the PCER is like not considering the multiple test setting
at all, and consequently is more liberal (anti-conservative) than controlling FWER or FDR (see
definitions below).
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3.12 Family-Wise Error Rate (FWER)

Is the probability of at least one type I error in the set of tests, i.e., FWER = Pr(V > 1).
Controlling the FWER is a conservative strategy which means that the probability of rejecting
the null hypotheses is below the nominal ¢ level. There is a generalization of the FWER
concept called &~-FWER which is the probability of at least £ false rejections. Obviously, FWER
corresponds to &~-FWER with £ = 1 (Lehmann and Romano, 2005).

3.13 False Discovery Proportion (FDP)

FDP is the (unobserved) proportion of false rejections / among total rejections R, FDP = V/R,
with the convention of FDP = 0 when R = 0.

3.14 False Discovery Rate (FDR)

FDR is the FDP averaged over all possible experimental replicates. More technically, it is
the expected FDP unconditional on the occurrence of rejections. Because FDP equals 0 when
R =0, FDR can be expressed as

FDR = E[%|R > o} -Pr(R > 0) o)

as defined in (Benjamini and Hochberg, 1995) but see also (Storey, 2003). We will make explicit
some differences between FDR control versus FDP estimation in Section 4.5.

3.15 Positive False Discovery Rate (pFDR)

The expected proportion of false rejections V among the rejections R conditioned on and least
one rejection

pFDR = E[%m > 0} )

Note that, because we ignore if any rejections will occur, pFDR cannot be controlled at any
given threshold (Storey, 2002; 2003). The pFDR and FDR coincide when the number of tests
is large enough to guarantee at least one rejection, i.e., Pr(R > 0) = 1. However, under finite
sample size R = 0 may occur, so in the estimation of pFDR when R = 0, the convention of
substituting R by 1 is applied (Storey, 2002). Under the complete null, the value of pFDR is 1,
provided that some rejection occur. The computation of pFDR can be considered as a point
estimate of the FDP (Fan et al., 2012; Goeman and Solari, 2014).

3.16 Subset Property

A FWER-controlling multiple testing procedure (MTP) is said that has the subset property if,
when rejecting a set of hypotheses, the FWER control is also guaranteed for any subset including
the single hypotheses. An FDR controlling procedure has not necessarily the subset property but
if it has, such procedure also controls the FWER at level o. That is, any MTP with the subset
property is a FWER controlling procedure (Finner and Roters, 2001; Goeman and Solari, 2014).
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4 TECHNICAL DETAILS AND ALGORITHMS

4.1 Assumptions of Multiple Testing Correction Methods
4.1.1 Uniformity

Let us note the M|, p-values corresponding to true nulls as ¢y, ..., ¢,,0, then these p-values should
be uniformly distributed between 0 and 1, or stochastically greater than uniform if data are
discrete, anyway they should satisfy

Pr(g;<t)<t 3)

Most MTPs require the p-values satisfy (3). However, the uniformity may be only approximate
specially for small sample sizes.

4.1.2 Dependence structure

Some MTPs as Bonferroni, Holm, BY, or permutation-based methods do not require any
dependence assumption and work under independence or any form of general dependence of the
p-values. These methods are in general less powerful. Methods as Hommel and BH, work under
independence or some kind of positive dependence called positive dependence through stochastic
ordering (PDS, aka positive regression dependence) on the subset of p-values of true null
hypotheses (Benjamini and Yekutieli, 2001; Goeman and Solari, 2014; Sarkar, 2008). Methods
as Storey-A require weak positive dependence implying only local correlations (Schwartzman
and Lin, 2011). Even methods working with some kind of positive dependence may fail when
there are strong correlations in the p-values (Blanchard and Roquain, 2009).

4.2 Adjusted p-values and g-values

Adjusted p-values can be considered as the multiple testing analogous of the single hypothesis
test observed p-values. The adjusted p-value p,, of a hypothesis H,, is the smallest o (nominal
type I error level measured as FWER or FDR) of the multiple hypotheses testing procedure
at which one would reject the hypothesis, given the test statistic value (Dudoit and Laan,
2008; Tamhane and Gou, 2018). However, because of the subset property, the interpretation
of the adjusted p-value is different for FWER and FDR controlling methods. In the FWER
controlling methods, the adjusted p-value is a property of each single hypothesis, but in the
FDR controlling methods the adjusted p-value is a property of the set of rejected hypotheses,
not of each hypothesis. The concept of local FDR (Efron et al., 2001) solves this by providing
estimates of FDP for individual hypotheses.

The g-value is the minimum pFDR that can occur when rejecting the statistic (Storey,
2002). Often, it is said that g-values are adjusted pFDR p-values, which is technically incorrect
because pFDR cannot be controlled by a test procedure (Storey, 2003). Like the adjusted FDR
p-values, the g-values are a property of the set of rejected hypotheses, not of each hypothesis.

4.3 FWER Methods
4.3.1 Bonferroni

Bonferroni’s method consists of rejecting hypotheses only if they have raw p-value smaller than
a/M. This method provides FWER control for the set of M hypotheses at « level under any
dependence structure of the p-values. It conservatively controls FWER for any combination of
true and false hypotheses, i.e., it controls the FWER at level myor, where 7, is the unknown
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proportion of true null hypotheses in the set of tests. Therefore, if there are many false null
hypotheses (m, is low) the method is very conservative. In general, Bonferroni will be very
conservative if the p-values are positively correlated and less conservative if the p-values are
independent or negatively correlated (Goeman and Solari, 2014). The adjusted p-value for a test
i under Bonferroni is min (Mp;, 1), where p; is the raw p-value.

Algorithm with adjusted p-values
Compute the adjusted p-values p; = min{M X p,, 1}.
Reject hypotheses with adjusted p-value p; < o.

4.3.2 Holm

Holm’s method works in step-down way by iterating the Bonferroni method as follows. Consider
the sorted p-values p; < p, ... < py, and their corresponding sorted hypotheses. The hypothesis
i@ =1, ..., M) will be rejected if its raw p-value is smaller than a/(M — i + 1), else the
procedure ends.

Like Bonferroni, Holm’s procedure has FWER control with the only assumption of
uniformity of p-values [Eqn (3)]. Holm’s method is less conservative and more powerful than
Bonferroni and should be used instead (Goeman and Solari, 2014).

Algorithm with adjusted p-values
0. Seti=1.
1. Sort the p-values p; < p, ... < pus.
2. Compute the adjusted p-value p, = min{(M —i + 1) x p;, 1}.
3. Enforce monotonicity p;, = max{p,}, h =1, ..., i.
4. If i < M increase i and repeat from step 2.
5. End.
Reject hypotheses H; with adjusted p-value p; < a.

4.3.3 Hommel

Hommel’s method is a step-up procedure that has strong FWER control under the assumption
of independence of p-values or even positive dependence (Goeman and Solari, 2014; Tamhane
and Gou, 2018). The classical algorithm for computing Hommel adjusted p-values is the Wright
algorithm (Wright, 1992) which is time consuming. However, a recent work by (Meijer et al.,
2019) provides a linear time algorithm for computing the adjusted p-values. Here we present
the Hommel step-up adjusted p-values as computed from (Wright, 1992).

Algorithm with adjusted p-values

0. Sort the p-values p; < p, ... < py
1. Initially set p, = p; for all i.
2. For each m = M, M — 1, ..., 2 (in that order), do:
2a. For each i > (M — m) do:
Compute ¢; = (mp;)/(m + i — M)
2b. Cpin = minfc;}, i = M —m + 1, ..., M. // for this subset
2c. For each i > (M — m) do:
If ﬁi < Cmin then ﬁi = Cmin
2d. For i < (M — m) do:
(1) ¢ = min(cmins mpi)
(ii) if p; < ¢; then p; = ¢,
3. End
Reject hypotheses H; with adjusted p-value p; < a.
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4.3.4 SGoF for weak FWER control

The SGoF procedure is a step-down FWER-control method in the weak sense, i.e., under the
complete null hypothesis. It was originally developed in (Carvajal-Rodriguez et al., 2009) and
different variants have been developed since then (Carvajal-Rodriguez and de Ufia-Alvarez, 2011;
Castro-Conde et al., 2017; Castro-Conde and de Ufia-Alvarez, 2015a; de Ufia-Alvarez, 2012).
The adjusted p-values can be computed following the algorithm in (Castro-Conde and de Ufia-
Alvarez, 2015b). There is also an efficient algorithm that provides an upper-bound for the adjusted
p-values which can be useful when the number of tests is very high (Carvajal-Rodriguez, 2018).
The statistical properties of the SGoF procedure were described in (de Ufia-Alvarez, 2011, 2012).

4.3.5 A note on permutation based multiple testing

Instead of making assumptions about the dependence we can adapt the procedure to the
observed dependence structure by using a permutation test. However, it is required that the null
invariance condition or exchangeability (Westfall and Troendle, 2008) is satisfied, i.e., shuffling
the observations should keep the data just as likely as the original set under the null hypothesis.
Also, the power of permutation testing comes with a computational cost for moderate sample
sizes when all permutations are performed. Thus, an alternative are Monte Carlo permutation
tests that sample a sufficient number of permutations instead of doing all. The number of
permutations varies, depending on the kind of test, the response variable, and the sample size 7.
For example, for the case-control scenario we have B = n!/(n;!n,!) permutations of the n; case
and n, control labels. For more details on re-sampling algorithms, the following references may
be consulted (Dudoit et al., 2003; Ge et al., 2003; Romano and Wolf, 2005).

4.3.6 MaxT

As we have seen in Section 2, MaxT (Westfall and Young, 1993) is a powerful permutation-
based method that provides strong FWER control. It does not impose any assumption on the
dependence of the data and even the assumption of uniformly distributed p-values is not required.

A permutation algorithm for step-down maxT adjusted p-values can be found in (Dudoit
et al., 2003, Box 2 in Section 2.6) and a recent efficient algorithm for resampling-based step-
down adjusted p-values can be found in Algorithm 4.1 in (Romano and Wolf, 2016).

So far, we have reviewed various methods that provide FWER control, there are also
generalized step-down methods for controlling A~-FWER, the reader is referred to (Romano and
Wolf, 2007) for a review of these methods.

4.4 FDR Methods
4.4.1 Benjamini-Hochberg (B-H) FDR-control method

The (unconditional) FDR (Benjamini and Hochberg, 1995) is the expected false discovery
proportion (FDP, see Definitions 3.13 and 3.14). It is unconditional because it is not conditioned
on the existence of rejections (Zaykin et al., 2000). The Benjamini-Hochberg (BH) is a step-up
procedure that controls FDR at a desired level o.

Algorithm with adjusted p-values
0. Seti=M.
1. Sort the p-values p; < p, ... < pu-
2. Compute the adjusted p-value p;, = min{(M/i) % p;, 1}
3. Enforce monotonicity p; = min{p,}, h =1, ..., M.
4. If i > 1 decrease i and repeat from step 2.
5. End.
Reject hypotheses H; with adjusted p-value p; < a.
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Interestingly, the FDR can be written in terms of specificity and sensitivity (power) (Storey
and Tibshirani, 2003b), so

@

M. -(1- . .
FDR = E o - (1=specificity)
M, - (1-specificity) + M, - sensitivity

where M, is the number of true null hypotheses and M| = M — M, the number of true alternative
hypotheses.

Recalling that the false positive rate o = 1 — specificity, and that sensitivity is 1 minus the
probability of type 2 error () then we have

FDR=E{L}
M0a+M1(l—ﬂ)

If we divide M, and M, by M the quotient does not change and so

FDR = E{L} 3)

oo+, (1= )

where my= My/M and m;, = M\/M =1 — m,.

For any given error level o and statistical power 1 — B, FDP increases with 7, and decreases
with ;. When m,= 1, FDP = 1 so, we can ask, how can FDR, which is the FDP expectation,
be controlled at any level when 7, = 1? The answer to this important question is given in
subsection 4.5.

4.4.2 Benjamini and Yekutieli (BY)

The Benjamini and Yekutieli (BY) method (Benjamini and Yekutieli, 2001) is a step-up FDR
controlling procedure that, unlike BH, is valid under any dependence structure. The price for this
is that BY has less power than BH, so BY should only be preferred when either independence
or positive dependence structure cannot be guaranteed (Fig. 1).

The adjusted p-values for BY can be computed with the same algorithm as for BH just

changing step 2 to be
M
B = min{(k—.Mj Xpl.,l}with k= zl
i =W

4.4.3 BKY adaptive two-stage method

As seen in Section 2, the BKY method is an adaptive two-stage BH-like procedure that controls
FDR under independence or positive dependence with relative good power and conservativeness
even when the degree of dependence is unknown (Benjamini et al., 2006; Blanchard and
Roquain, 2009; Kim and van de Wiel, 2008).

The adjusted p-values for BKY can be computed with the same algorithm as for BH in
two different steps. First, the algorithm of BH is utilized at level o’ = a/(1 + ). Let r; be the
number of rejected hypotheses by BH, then estimate m,as po = (M — r))/M. If py = 1 do not
reject any hypothesis and finish; if p, = 0 rejects all hypotheses and finish; otherwise, perform
a second BH at level a* = o/p,. In doing so we can compute the adjusted p-values following
the BH algorithm just changing the step 2 to be

Reject hypotheses H; with adjusted p-value p; < o.
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In addition to the BKY method and those reviewed in (Benjamini et al., 2006) there are
various other kinds of adaptive procedures, the interested reader may consult (Blanchard and
Roquain, 2009; Kang, 2020a).

4.4.4 Weighted FWER and FDR methods

Sometimes there is available meaningful prior information related to the hypotheses being
tested so that not all null hypotheses have the same importance. Consequently, weighted
multiple hypothesis testing procedures have being developed for FWER as well for FDR control
(Genovese et al., 2006; Kang et al., 2009). When the weights are informative these methods are
usually more powerful than their unweighted counterparts.

There are in general two strategies for estimating the weights: external weights, where prior
information (based on scientific knowledge or prior data) exists for specific hypotheses; and
estimated weights, where some informative covariates are used to construct weights (Ignatiadis
et al., 2016; Ignatiadis and Huber, 2017; Korthauer et al., 2019; Roeder and Wasserman, 2009).

Usually, the weights must satisfy
| o
ﬁszj =1 withw; 20
=

and the weighted p-values are defined as P Adjusted weighted p-values can be computed for

M/l.
different FWER and FDR procedures, see for example (Genovese et al., 2006; Kang et al., 2009).

4.5 FDP vs FDR

Consider the complete null hypothesis where all nulls are true (7w, = 1) or equivalently, all
rejections are false, ' = R and so FDP = J/R = 1. In the previous subsection when talking
about BH we have asked, how can FDR, which is the FDP expectation, be controlled at any
level when 7, = 1? To put it clear, if FDP is 1, how can we assure FDR < 0.05?

First, it is important to recall that FDR is unconditional on the number of rejections (Zaykin
et al,, 2000). In other words, FDR can be defined as an expectation independently of the
observed tests, with or without rejections. It maintains the control because it is an average, so,
if we are controlling the FDR at level o we expect that, on an average, the proportion of false
discoveries is upper-bounded by . This average, allow me to insist, is what we call FDR, and
is the average what is maintained below «. In the case of the BH procedure, the FDR upper
bound is myar (Benjamini et al., 2006).

Let’s see an example, consider performing an in silico experiment or simulation, for which
all null hypotheses are true, i.e., the complete null hypothesis (7, = 1). This experiment consists
in M = 100 independent tests each performed at o = 0.05. If we do not apply an MTP, we
expect 5 false rejections in 100 tests (PFER = 5). Under the complete null the FDR = FWER
=1 —(1 = 0.05)% = 0.99. Furthermore, we repeated the same kind of experiment 1000 times.
On each occasion the FWER and FDR is 0.99.

Because of such a high error we decide to control the FDR at 0.05 level applying the BH
procedure. However, under the complete null we should be aware that in any experiment in which
we have some rejection (R > 0) the observed proportion of false discoveries is FDP = 1. On the
contrary, in the experiments without rejections (R = 0), the FDR takes value 0 by definition and
so does the FDP. Thus, applying BH, o5 we expect that in 95% of our experiments there are no
rejection so FDP = 0 while 5% have at least one rejection so FDP = 1. Then we can compute
the expected FDP which is FDR = E(FDP) = 0.95 x 0 + 0.05 x 1 = 0.05. This is how the FDR
can be controlled at level o when all nulls are true or, in general, at level o, whatever the
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combination of nulls and false hypotheses. Under the complete null, at each experiment the
observed FDP is 0 or 1, although the FDR is being controlled as an expectation of 0.05.

Let us consider now what happens with pFDR, which is a conditional FDR. The pFDR
estimates the FDP for a given rejected set, which means that in our in silico lab we will
obtain an FDP value for each performed experiment having rejections (Carvajal-Rodriguez and
de Una-Alvarez, 2011; Schwartzman, 2012; Storey, 2003; Zaykin et al., 2000). Under the complete
null, the probability o of false rejection, matches the probability of rejection, Pr(R > 0) = ¢, and
recalling the definition of FDR in terms of pFDR, i.e., FDR = pFDR x Pr(R > 0) and solving
for pFDR, we get pFDR = FDR/Pr(R > 0) = a/ac = 1. It is clear that, given at least one rejection
in our experiment, although the BH controls the FDR at level o, we are still committing a
pFDR = 1, independently of o and the statistical power.

Whether FDR or pFDR are the quantities of interest has been disputed, e.g., Storey argues
that the interest relies in situations where there is at least one rejection. On the other side,
(Dudoit et al., 2008) argues that pFDR being equal to one under the complete null hypothesis
impedes its control under this testing scenario. Besides, the FDR reduces to the FWER =
Pr(V > 0) under the complete null.

4.6 FDP Estimation Methods
4.6.1 Storey’s Bayesian pFDR-estimation (g-values)

The pFDR was defined as the expected FDP when at least one discovery has occurred (Storey,
2003; Storey and Tibshirani, 2001). The pFDR can be estimated as pFDR() = pytM/R(f), where
Po 1s an estimate of m; and R(?) is the total number of rejections under probability threshold .
Thus, we only need to estimate . It is worth noting that under certain general conditions, the
pFDR can be expressed as a Bayesian posterior probability, where 7, is the prior for the posterior
probability of rejecting a true null (Storey, 2003). We have mentioned in Section 2 that Storey
uses a threshold parameter A for estimating 7. The value of the parameter A can be fixed or
automatically computed by bootstrap or fitting a cubic spline (Storey and Tibshirani, 2003b;
Storey, 2002). Besides A-estimation, several other methods has been proposed for estimating 7,
some of them have been reviewed in (Carvajal-Rodriguez, 2018; Carvajal-Rodriguez and de Una-
Alvarez, 2011; Friguet and Causeur, 2011; Kang, 2020b). The A-estimation and related methods
assume independence or weak dependence implying local correlations. Under more realistic
dependence, the FDP estimation can have very large variance, skewness and bias (Owen, 2005).

Analogous to the FDR adjusted p-values, the g-value is the minimum pFDR that can occur
when the given statistic is rejected for the set of rejection regions (Storey, 2002). As already
commented, the g-value, although interesting, is a property of the hypothesis within the specific
rejected set not of the individual hypothesis itself.

4.6.2 SAM

The significance analysis of microarrays (SAM) method (Tusher et al., 2001) does not control
neither estimate FDR but the expected number of false positives PFER = E()) (Dudoit et al.,
2003). This value E£(V) divided by the number of rejections R is an estimate of the FDP although
its reliability is not clear under general dependence conditions (Blanchard and Roquain, 2009;
Goeman and Solari, 2014; Kim and van de Wiel, 2008). The SAM algorithm is given in (Dudoit
et al., 2003). The procedure has been recently extended by the addition of upper bounds to
the FDP estimation (Hemerik and Goeman, 2018). There is also an extended SAM software R
package called confSAM.
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4.6.3 Efrom’s Bayesian local FDR-estimation (empirical null estimation)

The Benjamini and Hochberg’s (1995) false discovery rate (FDR) is based on tail area properties
(tail area FDR) while local false discovery rates are FDR based on densities. Given the test
statistic ¢, the model of a mixture density is defined for the unaffected (null) and for the affected
treatment of interest

f(@) = my fo() + m /10

The model requires an estimate of the “null density” f(f) which is done by empirical null
estimation, for example, microarray data structures allow to estimate the density by permutation.
The main advantage of the empirical null estimation is the robustness to dependence. The
value of the proportion of true nulls m, of false hypotheses are estimated from data. However,

like previous estimates both the density and m; may be highly variable when the p-values are
correlated (Efron, 2005).

4.7 Relaxing the Continuity Assumption: Discrete p-values

Classic MTPs, including BH, were developed under the assumption that the p-values are
uniformly and continuously distributed when the null is true. However, examples of discrete
test statistics are common in genomics and related biomedical sciences (He and Heyse, 2019;
Liang, 2016). Methods developed under the assumption of continuity could be too conservative
when the p-values are discrete, and may not be as powerful as one would hope for. Several
authors have demonstrated the advantages of using discrete information properties when the
data is highly discrete, see for example (Westfall and Troendle, 2008; Westfall and Wolfinger,
1997). Discrete version of different MTPs has been developed both for FWER (Castro-Conde et
al., 2017; He and Heyse, 2019; Zhu and Guo, 2020) and for FDR control and estimation (Chen,
2020; Chen and Sarkar, 2020; Doéhler, 2018; Liang, 2016).

5 RECENT DEVELOPMENTS

In recent years, several multiple testing improvements indicate the strength of the field within
the big biological data context. Regarding computational efficiency, new algorithms were recently
proposed, e.g., for the Hommel’s procedure in linear time (Meijer et al., 2019) or for resampling-
based step-down adjusted p-values (Romano and Wolf, 2016), or the generalized FWER error
control (k-FWER) and false positives and negatives control (Song and Fellouris, 2019). Regarding
FDR, some new weighted covariate methods as IHW (Ignatiadis et al., 2016) that reduces to the
BH procedure when the covariate is completely uninformative; similarly, BL (Boca and Leek,
2018) reduces to the Store’s g-value; also, the functional FDR incorporates informative variables
when available, for computing FDR and g-values (Chen et al., 2019). Some of these new FDR
methods has been recently benchmarked in (Korthauer et al., 2019).

The estimation of FDP under strong dependence has been recently studied (Fan et al.,
2019, 2012; Fan and Han, 2017). Another avenue of research come from the adaptive control
of FWER and FDR by assuming dependency structure by blocks (Guo and Sarkar, 2019), or
by estimation of confidence bounds for the false discovery proportion (Goeman et al., 2019b;
Goeman and Solari, 2011; Hemerik and Goeman, 2018). Also, when there are logical relations
among the hypotheses, the control can be exerted by hierarchically ordering the hypotheses and
by graphical approaches (Tamhane and Gou, 2018). The different types of prior information,
e.g., weights, dependence structure, proportion of nulls, hypotheses subgroups, can be combined
for FDR control of grouped hypotheses (Ramdas et al., 2019).
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Within the field of integrative genomics, the simultaneous analysis of multiple data sets
boosted the extension of MTPs for multivariate p-values (Chi, 2008; Phillips and Ghosh,
2014; Richardson et al., 2016; Rudra et al., 2019; Xia et al., 2019). Last but not least, multiple
hypotheses testing can also be done using the Bayesian counterpart of p-values, the Bayes
factors so called e-values, and different procedures have been recently proposed under this
setting (Vovk and Wang, 2019a,b).

6 CONCLUSIONS

We have reviewed classical and some of the most important methods for controlling type I error
in multiple hypotheses testing. Though there is plenty of different methods, the main avenue for
controlling type I error goes through FWER or FDR control and/or false discovery proportion
(FDP) estimation. Meanwhile, we provided a map for deciding the best strategy depending on
the research interest, either exploratory or confirmatory, the assumptions that can be made, the
availability of prior information and the kind of statistical test. We either explicitly gave or
referenced, some well-known algorithms for computing the adjusted p-values.

In addition, we made explicit some key differences between methods often omitted in the
literature. First, FDR control may be less conservative than FWER which makes FDR control
a suitable tool for exploratory genomics studies where we are interested in selecting sets of
promising hypotheses; even more, if independence or weak dependence is guaranteed, the
SGoF method can be a valuable and powerful exploratory alternative. On the contrary, FWER
strong control is specially relevant for confirmatory (non-exploratory) experiments. Obviously,
when possible, the most powerful and flexible FWER controlling variant, MaxT, should be
used; alternatively, if permutation techniques are not allowable but the dependence structure is
adequate, the Hommel’s procedure is a good option also.

Second, the subset property states that, if FWER is controlled at level o for a set of
hypotheses then it is also controlled at the same level for any subset. This means that we can
associate the FWER control to a single hypothesis so that by rejecting hypothesis i, the type I
error is bounded by o. The same subset property is not true for FDR, so that for a set with FDR
controlled at level ¢, it does not mean that a given subset, e.g., a single hypothesis, is controlled
at the same level. While the local FDR point estimate variants have the subset property, they
are less powerful and more challenging to estimate accurately.

Third, recall that FDR is the FDP expectation and only controls the false positive rate in
average which implies that the actual proportion of false discoveries in the rejected set can be
substantially larger than the desired level, especially if the proportion of true nulls is large, e.g.,
under the complete null, the percentage of false discoveries may be 100% under an FDR control
of 5%. The pFDR and g-value improves power over FDR procedures (as BH and BY) because,
like adaptive methods, estimate the proportion of true nulls 7, to control false positives from
this proportion. Because pFDR is conditioned on occurrence of rejections it is more suited to
error estimation than to error control; there are several techniques for FDP estimation providing
an alternative strategy for managing type I error.

Finally, multiple testing is a very active research field, it seems that multiple testing
procedures and p-value (and e-value) adjustment are here to stay. They are already important
contributors for enhancing the reproducibility and reliability of scientific research.
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